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ON THE POINTWISE CONVERGENCE TO INITIAL DATA 
OF HEAT AND POISSON PROBLEMS FOR THE BESSEL 

OPERATOR 
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Abstract. We find optimal integrability conditions on the initial data 
/ for the existence of solutions e~ tAx f[x) and f (x) of the heat 

and Poisson initial data problems for the Bessel operator A a in R + . 
We also characterize the most general class of weights v for which the 
solutions converge a.e. to / for every / £ L p (v), with 1 < p < oo. 
Finally, we show that for such weights and 1 < p < oo the local maximal 
operators are bounded from L p (v) to L p (u), for some weight u. 


1. Introduction 

The starting point for us are the classical heat and Poisson equations in 
the upper halfplane. For a nonnegative, second order differential operator 
L we have the initial data problems 


(h) | 

u t 

= — Lu, 

t € (0 ,T), 

, «(o,0 

= /(•); 


(■pi J 

f u tt 

= Lu, 

t € (0, oo), 

(P) j 

{ «(o,0 

= /(•)• 



In several classic examples it is well known that under certain conditions 
on the initial data /, for example when L is the Laplacian on W l and / € L p 
(or even some weighted L p (v)), the solutions to the problems [hi and [Pi verify 

lim u(t , x ) = f(x). 
o+ 
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2 POINTWISE FOR BESEL HEAT AND POISSON INITIAL DATA PROBLEMS 

Moreover, they can be described by the heat diffusion semigroup u(t, x) = 
e~ tL f(x) and the Poisson semigroup u(t,x ) = e~ ty ^f{x), respectively, with 
L being its infinitesimal generator. In order to obtain a pointwise con¬ 
vergence of the solutions to the initial data it is necessary to study the 
boundedness in L p of the corresponding maximal operators (see for example 
0 )- 

In the present notes we are interested in one particular differential ope¬ 
rator: the Bessel operator in M + , namely A\, for A > — \ as appears in the 
works of Muckenhoupt and Stein (see for example [8]). 

Let us first consider the Bessel heat equation. We want to find optimal 
integrability conditions on the initial data / such that 

(I) u{t , x ) = e~ tAx f(x ) exists for all t, x > 0 as an absolutely convergent 

integral, satisfies the Bessel heat equation and 

(II) lim u(t,x ) = fix) for a.e. x > 0. 
t-> o+ 

The same is asked when we consider the Poisson equation for the Bessel 
operator, with u(t,x) = e _tv ^/(x). 

When L is the Laplacian in M. d , Hartzstein, Torrea and Viviani in |6j char¬ 
acterized the class of weights Dp eat (L) and Dp° lsson (L ) for which the corre¬ 
sponding solutions have limits almost everywhere, respectively, for functions 
in L p (R + ,vdx). Also, this problem is solved when L is the Hermite or the 
Ornstein-Uhlenbeck operator in [4] and in [5] for the Laguerre operator. 

Here, in the Bessel setting for the heat and Poisson initial data problems, 
we also try to answer the natural question: Is there a weight class which 
characterizes convergence to initial data for functions in L P (M + ,vdx)? This 
is, we want to find optimal conditions in a weight v such that (I) and (II) 
hold for all / € L p (y). 

The final question that we want to adress is the L p (w ) boundness of the 
corresponding local maximal operators, namely 

Wa’*f(x) = sup \e~ tL f(x)\, 

0 <t<a 

P af( x ) = sup \e~ tVZ f(x)\. 

0 <t<a 

We want to show that for all weights v in the class Dp eat (A\), the local 

maximal operator Wa'* maps L p {y) to L p (u), boundedly, for some weight 
u. Also, the analogous problem involving weights in Dp msson (A\ ) and the 

local maximal operator Pa’* will be treated. 

In the Bessel context sharp power- weighted L p inequalities for the (global) 
heat and Poisson maximal operators are obtained in [1]. 

In order to study the above problems we will follow the techniques devel¬ 
oped in [6], @] and 0. 

More precisely, our main results are the following: 
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Theorem 1.1. Let X > 0, T > 0 (possibly T = oo) and let f : M + -A M be 
a measurable function such that 

OO 

(i-i) J<t>(y)\f(y)\dy <oo, 

0 

where <f> is the integrability factor 

<t>(y) = 4>t(y) = y x (~py) e ~“’ te(o,T), 

for problem (h) or 

J2\ 

y ) = {y 2 + 1) a +1 

for problem (P)- Then the heat or Poisson integral u(t , x) defines, respec¬ 
tively, an absolutely convergent integral such that 

(i) u E C°°((0, T) x M + ) and satisfies the heat or Poisson equation for 
the Bessel operator A\, and 

(ii) lim u(t,x) = fix) for a.e. x > 0. 
t-> o+ 

Conversely, if a nonnegative function f satisfies that its heat integral for 
t E (0, T) and some x > 0 or its Poisson integral is finite for some t € (0, oo) 
and some x > 0 then f must satisfy condition 11.11 

From Theorem 11.11 we see that the conditions on initial data / for the 
existence of solutions cover a wide class of functions. For example, f(y) = 
P(y)e*r y2 for y > 1 with P any polynomial and f(y) = y^ 2A_e if y < 1 
and 0 < e < 1, is good enough to grant existence of solutions to Problem 
(h), and f(y) = log/ ^ +e) for y > l,/3 > 1 and f(y) = y~ 2X ~ e if y < 1 with 

0 < e < 1, is admissible for the existence of the solution of Problem (P) 
with L = A a . 

The classes 

(1.2) Dp eat (A\) and D? oisson { A a ) 

consist of all the weights v : M“*" —)• such that properties (i) and (ii) from 

Theorem 11.11 hold for every function / in the weighted space L p (R + ,v). 

From the theorem above we deduce a characterization of the classes 
Dp eat (A\) and D(p 0isson { A a ). 

Corollary 1.2. Let 1 < p < oo, let T > 0 (possibly T = oo) and >p( 
as in Theorem, II. 11 A weight v belongs to the class Dp eat (A \) if and only 

if v~p(f>t E L p '( M + ), and belongs to the class Dp° lsson (A \) if and only if 
V~r(f X E l/(R + ). 

Just like in [[6], we have that the weight classes are related by inclusion: 
Dp msson (A\) C Dp eat (A\). Indeed, let us consider a weight v in the class 
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Dp msson (A\). We have that ${y) = (y 2 + l)^ +1 e _ ^t(j) X (y) < ct<f x (y), hence 

_l _t,l_ 

||w P 4 > t\\p' < oo. Also, the weight defined by v(y) = e 4 TPfor y > 1 and 
v(y) = y 2X+t if y < 1 and e < ^ 7 , belongs to Dp eat (A\) and doesn’t belong 
to Dp° isson (A\). 

Theorem 1.3. Let 1 < p < 00 , T > 0 (possibly T = 00 ) and A > 0. 

(%) If v E Dp eat (A\) then, for every a € (0, T) there exists a weight u = u a 
such that 

(1.3) W A ’* : L p {v) L p (u ) boundedly. 

Moreover, there exists a 0 = < 7 o(a, T) € (0, 1) such that for any a < do the 
weight u can be chosen such that also u a E Dp eat (A\). (In the case that 
T = 00 we can choose u such that u a E Dp eat (A\) for all a < 1). 

Conversely, if \ 1. -ft holds for some weight u = u a and each a E (0, T), then 
v E Dp eat {A\). 

(ii) Ifv E Dp° isson (A\) then, for every a > 0 there exists a weight u = u a 
such that 

(1.4) P A ’* : L p (v) -A- L p (u) boundedly. 

If a < 1 we can find u such that u a E Dp° lsson (A\). 

Conversely, if \l-4\ holds for some a > 0 and same weight u = u a , then 
v E Dp° isson (A\). 

In section [2] we state all we need to recall about the Bessel operator for 
explicit computations. On sections [3] and [4] we study the problems stated 
above and prove Theorem 11,11 Corollary 11.21 and Theorem 11.31 for the heat 
and Poisson problems associated to the Bessel operator, respectively. 


2. Preliminaries 


Let us consider the Bessel operator as appears in 0: 


( 2 . 1 ) 


d? 2A d 

dx 2 x dx ’ 


for A > —i, which is essentially self-adjoint in L 2 (M + , dp\), where = 
(0, 00 ) and dy,\(x) = x 2X dx, x > 0. 

Let us also consider the heat equation with initial data problem for the 
Bessel operator 


( 2 . 2 ) 


u t = -A\u, t > 0, 

«(o.O = /(•); 


and the Poisson equation with initial data problem for the Bessel operator 
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The standard set of eigenfunctions of the Bessel operator consists of 


(2.4) 


t Pz ( x ) = (zx) X+ iJ x _i(zx), 


where x, z > 0 and J v is the Bessel function of the first kind and order 
v > — 1. Indeed, for A > — 


(2.5) 


Aa iPz = z2( Pz, 


for z > 0. 

The heat kernel associated to A a is 

OO 

(2.6) W t x {x,y) = J e~ z2t v x (x)ip x {y)dnx{z), 


for t,x,y > 0. Explicitly, the heat kernel is given by 


(2.7) 


W x (x,y) = 


(xy) A+ 2 ( x 2 +y 2 ) 


2 1 


e 4t 


M (f) • 


for t, x, y > 0, where I u is the modified Bessel function of the first kind and 
order v > — 1. This function verifies (see 0 ) 


( 2 . 8 ) 


T v {z) ~ z v 


if z < 1, 


(2.9) I u (z) ~ e z z 2 , z > l. 

For a function /, its Bessel heat diffusion integral is 


( 2 . 10 ) 


(30 

W t x f(x) = J W t x (x,y)f(y)dy{y), 


for t,x > 0; and its local maximal operator is defined for a > 0 by 

(2.11) W x ’*f(x ) = sup |IT t A /(*)|, 

0 <t<a 

for x > 0. 

The Poisson kernel associated to Aa is 

OO 

(2.12) P t x (x,y) = J e~ zt ip x (x)ip x (y)dyx(z), 


for t,x,y > 0. By the subordination formula (see for example 0) we have 
that 




OO 

P t X (x,y) = ~4f= J e~hw t x (x,y) du 


o 


3 ' 

U 2 


(2.13) 
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Explicitly, the Poisson kernel has the following expression (see Section 6 of 
[I]), in terms of ordinary hypergeometric 2 Pi functions: 


(2.14) P t \x,y) = 2 tt -2 


i r(A + i) 


r(A + i) (x 2 + y 2 + t 2 )^ 1 


x 2F1 


A + l A + 2 2A + 1 


2 2 2 
For a function /, its Bessel Poisson integral is 


2 xy 


x 2 + y 2 + t 2 


(2.15) 


Pi 


OO 

70*0 = I P X {x,y)f(y)dy(y ), 


for t, x > 0; and its local maximal operator is defined for a > 0 by 
(2.16) 


P*’*f(x) = sup | P x f(x) 

0 <t<a 


3. Conditions on data / for almost everywhere convergence 
for the Bessel heat equation 

In this section we focus on the initial data problem 12.21 In order to do 
computations we will use the following expressions for the Bessel heat kernel: 
from 12.71 and properties 12.81 and 12.91 we can write 
(3.1) 

2ATT7-A/ 21 (xy) 2X (P+y 2 ) , . 

H) {x, y)y X{x,y>0:xy<2t}\%iy) ~ , . 1 ® 44 X{x,y>0:xy<2t} 7 i V)i 


(3.2) 


X 11) 5 2/)2/ X { x , y > 0 : xy > 2 t}(^i V ) 


,2A 


7+2 


(xy) A ( x - v ) 


m 


1 ® 44 X{x,y>0:a;i/>24} (7> V ) • 


for x > 0 and y > 0. 

The proof of Theorem II.II in the heat context follows from the next three 
propositions. Let us begin by stating necessary and sufficient conditions on 
the initial data / for the existence of e~ t ^ x . 

Proposition 3.1. Let T > 0 fixed (possibly T = oo) and A > —For a 
measurable function f : M + —>• M, the following statements are equivalent 


(i) f W t x {x,y)\f(y)\dp, x (y) < oo, for all t <E (0,T) and x > 0; 
o 

OO 

(ii) f W t x (x t ,y)\f(y)\dfj,\(y ) < oo, for all t € (0,T) and some x t > 0; 


o 

OO 


(in) / <t>t(y)\f(y)\ d y < f° r al1 * G (7?7 where 
0 


<i>t(y) = v > 


y 


y +1 


A 2 

V 

e 4t. 
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Proof. That (i) implies (ii) is trivial. Let us prove that (ii) implies (iii). Pick 
to < T and xq > 0 such that (ii) holds: 


J xo X W t x 0 (x 0 ,y)f(y)y 2X dy < oo. 
o 


Then, 


OO 

oo >/ x 2 0 x W t x (x 0 ,y)f(y)y 2X dy 


o 

+ 


J ++ 2 

{y>0:xoy<2t 0 } 0 


(xov) 2X ( - x o +y2 ' 1 

[ ° i— e 4t ° f(v)dy 


{y>0:x 0 y>2t 0 } 

- +_(xo) 2A 
=e 4t o v u; 


(Tn ?/ + (*0 -y ) 2 

{ -^re —**o f(y)dy 
(2to)5 


y 2A e 4t of(y)dy 


x H J 

o {y>0:x 0 y<2t 0 } 


! - T o 

(2t 0 )* 


y A e 4 *0 f(y)dy = h + I 2 . 


(*o-vr 


{y>0:a;oj/>2to} 


For A > 0 we deduce that 


oo >/i > c(xo,to> A) 


{j/>0:a;oy<2to} 


1 + 2 / 
1 + 2 / 


2 / 2A e 4t ° f(y)dy 


X y 2 

>c(x 0 ,t 0 , A) / l-M y x e~^f(y)dy. 


{y>0:xoy<2t o } 


1 + 2 / 


On the other hand, clearly 


f x (^n-y) 2 

OO > J 2 >c(x 0 +0, A) / y e 4t ° f{y)dy 


{y>0:xoy>2t 0 } 


>c(x 0 ,t 0 ,X) 


{y>0:x 0 y>2t 0 } 


X y 2 

y ' y x e~^ f(y)dy, 


V + 1 
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since e 2t o > e. For — ^ < A < 0 we get 
oo > h >c(x 0 ,t 0 , A) [ 


{y>0:x o y<2t 0 } 


1 \ —A y 2 

-) y X e~^f{y)dy 

y) 


=c(x 0 ,t 0 , X) 


1 + 


2to 

xp 


{y>0:xoy<2to} 


>c(x 0 ,t 0 ,X) 


{y>0:x 0 y<2t 0 } 


\ _i_ 2to 
, ' xq , 


i + y 

1 I 2£q 
, ' ^0 , 


-A 


-A 


y 

y x e~^f(y)dy 


-A 


y x e 4t o f(y)dy 


>c(x 0 ,t 0 ,X) 


{y>0:x 0 y<2t 0 } 


i + y 


A 2 

y x e~^f(y)dy. 


Also 


oo > I 2 >c(x 0 ,t 0 ,X) 


y x e 4 *o f(y)dy 


{y>0:x 0 y>2t 0 } 


>c(x 0 ,t 0 ,X) 


{y>0:x 0 y>2t 0 } 


XQ 

2to 


+ 1 y A e 4t o f{y)dy 


>c(x 0 ,t 0 , A) 


{y>0:a;o?/>2to} 


>c(x 0 ,to, A) 


{j/>0:a;o3/>2to} 


1 \ —^ ^2 

- + l) y x e~^f(y)dy 

y J 


y x e 4t o f(y)dy. 


1 + 2 / 


Then we cover all cases and thus (iii) holds for all t > 0. 

Finally, let us show that (iii) implies (i). Pick 0 < t < T and x > 0. 
Splitting as before 


x 2X W t x (x,y)f(y)y ZA dy 


2 \, 


c(x, t, A) 


y e 4 tf(y)dy 


{y>0:xy<2t} 


y x e ~ f(y)dy = I\+h- 


{y>0:xy>2t} 
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Let us see first that I± is finite. Indeed, if A > 0 it is inmediate that 


I\ =c(x, t, A) 


{y>0:xy<2t} 


y 2Xe 4t /(y) rf y 


<c(x, t, A) 


1 + 


21 


y 2X e « f(y)dy 


{y>0:xy<2t} 

<c(x,t, A) J 

{y>0:xy<2t} 

Also, if — \ < A < 0, we have 


1 + y 


1 + y 


V X e ”* f(y)dy. 


h <c(x, t. A) 


(! + y) 


-A 


{j/>0:ccj/<2t} 


l\ _A A =£*, s, 

- y e « f{y)dy 

yj 


=c(x, t, A) 


{j/>0:a:i/<2t} 


i + y 


V ' y A e « f(y)dy. 


As for the hnitude of I 2 , let us recall estimate (3.4) from [2]: for 
t > 0, M > 1 we have that 


(3.3) 


1 M±i\ 2 _] 

—e 4 1 \ m ) < e 


l«r /• m-i \2 
3 4 1 \ M ) 


where c = c(x, t. M) 
Now if A > 0, then 


h =c(x,t, A) 


, o—yd 

ye 4t /(y)dy 


{2/>0:ij/>2t} 


<c(x, t, A, M) 


1 + 


x \ A / x \~ x x 12 

2t) v 1 + 2t/ y e 41 M /(y) rf y 


{y>0:zy>2t} 


<c(x, t, A, M ) 


{y>0:xi/>2t} 


1 


-A 


x mi 

1 + - y e 4il M J f(y)dy. 

y; 


Choosing M big enough such that t < to := t y < T and using (iii) 

we get that I 2 is finite. For — | < A < 0 we proceed as above, but this time 
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1 2 is bounded as follows 


h <c(x, t, A, M) 


{y>0:xy>2t} 


-A 


<c(x, t, A, M) 


{y>0:xy>2t} 


1 + y\ * \ _kll 

Y+^) y e 4t ° 


l\~ x x 

1 + - ye 4t o f(y)dy < oo. 

yj 


□ 


Proposition 3.2. Let f be a function satisfying the conditions in Proposi¬ 
tion m and A > 0, then 

OO 

(3.4) u(t, x ) = J W x {x, y)f (y)d/j,\(y) € C°°((0, T) x R+). 

o 

Proof. We need to prove 

OO 

J \d?dPw t x (x,y)\f(y)dnx(y) < oo 

o 


for all a,f3> 0. Since the kernel W x (x, y) satisfies the Bessel heat equation, 
we may only check the finitude of the integral for the derivatives on the t 
variable: 

OO 

(3.5) J \d?W t x (x,y)\f(y)dy x {y)<oo. 

o 


Thus we need to compute J \W x (x,y), and in order to do this let us recall 
that (see for example m) 

d 


(3.6) 


dz 


{z~ U Mz)) = Z- V lu+l{z). 


Keeping this formula in mind we rewrite the kernel in (12.71) as follows: 

1 * 2 + 


(3.7) Wf(x,y) = 


(2 t,y 


/xy\~^~ 2 ) fxy\ 

I 2 i) I 2 1) 


Then we have that 


^-W x (x,y) = 


-2 


A + ^ 
~ 2f~ 


+ 


x 2 + y 2 
At 2 


W x (x, y) + [ — 


(xyf 
2 1 2 


W x+1 (x,y) 
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from where 


f ^W t x (x,y)f(y)dy(y) = j 
o o 



x 2 + y 2 \ 
At 2 ) 


W t X (x,y)f{y)dn(y ) 


+ / ~^r w t x+1 ( x i y)f{vW{y) = h + h- 

o 


Let us first observe the integrand in I 2 : 


(xyf 

2t 2 


1 


W x+ \x,y)y 2X = ~^ 2 A W t x+1 (x,y)(xy) 2 ^ x+1 \ 


Thus if we split I 2 as usual and apply estimates 13.11 and 13.21 we obtain 

J -^-^W t x {x,y)f{y)dy{y) 

{y>0:xy<2t} 

+ J ~^W t x (x,y)f{y)dy{y). 

{y>0:xy>2t} 


Now, from this expression and /1 we observe that (13.511 follows if y a f(y ) for 
a > 1 satisfies the conditions of proposition 13.11 which clearly does. □ 


Proposition 3.3. If f satisfies the conditions in Provosition \3.1l then 


(3.8) lim e tAx f(x ) = f(x), a.e. x > 0. 

0 + 

Proof. Let us see first that for every no € NN. 13.81 holds for a.e. 0 < x < no- 
Let us split 


/ — fX\y\<M + fX\y\>M ~ fl + f2, 


where M is to be chosen later. 
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We have that, if M > 2uq, 
e~ tAx f 2 (x)= j W t x (x,y)f(y)d/j,(y) 

\y\>M 


s 


\y\>M 

+ / 


y2A _( a ,2 +y 2) 

T-re 4t Xxy<2t(y)f{y)dy 
t X+ 2 


V -e ( ^ Xxy>2t(y)f{y)dy 


\y\>M 


x x (2t) 


<c(A) 


\y\>M 


+ 


r V' 1 y 

At) t§ (2n 0 ) A 


y x . , zill! 


Xx V <2 t(y)f(y)dy 


\y\>M 


x x (21) 


-Xxy>2t{y)e 4 t / (y)dy, 


where we used the facts that y > 2no and \x — y\ > | for y > 2x, respectively 

/ 2 \ & y 2 (^) 2 

in each term of the sum. Since ( ^ j e~4 1 < c(A)e for c, a > 0, 


s tA> / 2 (x) <c(n 0 , A) 


-y 2 

-e let /(y)dy 




(20 


y ^2 /> 2 

y A_1 e f{y)dy < c(n 0 , A) / y A e^ f(y)dy. 


\y\>M 


\y\>M 


Hence, choosing to such that t < to/8 < T and taking into account that 

(t) a (p+t) ^ 1 for \ y \ > M > i, we have 


e tAx f 2 (x)<c(n 0 ,\,M) J 2/ A e 4t °f(y)dy- 

\y\>M 

Hence, from Proposition 13.11 given e > 0 there exist Mo(e, no) > 0 large 
enough and to > 0 such that 

e~ tAx f 2 (x) < e for every M > Mq, t < to and 0 < x < no- 

On the other hand, since e~ tAx defines a symmetric diffusion semigroup 
as in [9] and fi € L 1 (M + ,dy), 

lim e~ tA,x fi(x) = fi(x) 
t-> o+ 

for almost every |x| < ran. 13.81 holds. □ 
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Thus Theorem 11.11 follows. Next we give the proof for Corollary 11.21 
Proof. If v~P(j)t € L P '(M. + ) and / £ L p ( R + ,u), then 


oo oo 

J 4t(y)f(y)dy = J v~p{y)4>t{y)f{y)v p (y)dy 


< 


J (v p {y)<t>t{y)) P dy J / f p (y)v(y)dy J < oo. 


The converse follows by a duality argument, the Landau Theorem. See 
for example [2], □ 


Now we give an answer to the last question, that is the boundedness of 
the local maximal operator on weighted L p (v), where v is a weight in the 
class Dp £at (A\). First let us observe the integrability factor’s behaviour: 


(3.9) 


ti(y) = y x 



V 

e 4t 


,2 A 


(y +1) ; 


vL 

4 1 


y 2X e 4t, if y < 1; 

A -yl ., 

y e 4t, it y > 1. 


Next, we need an auxiliary estimate, which will use the following notation: 


a V b = max{a, b }, 
a A b = min{a, b}. 


Lemma 3.4. For A>0, x,y > 0, T > t > 0 and M > 1, the following 
estimate holds: 


(3.10) 

y 2X W t x (x,y) <c(A, M) f (a A l)~ 2X w£ Mt (x - y)x{ y <M(xv i)> 

+(xA 1 )~ X (f X CM t(y)) > 


where W f A (x) = -—is the classical Laplace heat kernel and Cm I 1 as 

Mil. 


_P 

e ~%t 


Proof. From 13.11 and 13.21 it follows that 


y 2X W x (x,y) 


,2A 


t X+ 2 


2 2 A - ( ' x ~ v) 

P+y 2 y e 4 « 

e 44 X{ xy < 2 t}(y) + 1 X{xy> 2 t}(y) = A + B. 
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Let us estimate A first. Suppose that y < 1. In this case we have that 


(x — y)^ 

x .v 2X x 2X x 2 1 /-I i )(A+ y 2 ) . ,u 2A e c m 4 * 

A <c(A)^r^-e“4Mt- 5t < c A,M-r- 

x 2A t x (Of\h x 2X 


(2t)3 (2t) 

W 2A 

- C(A ’ M) (.xAl) 2A ^ f(l “ y) - 
On the other hand, if y > 1, since xy < 2 1, we obtain that 

(3.11) A < c(A) ^ 1 e-^ 1 < c(A) wf(x - y). 

{xy) x (2t)2 \xMJ 

To estimate 5, assume first that y > 1, thus 


(3.12) 


B < c(A) 


y vl \ tt.a 


x A 1 


wr(*-y). 


If y < 1 and 2y < x, then x — y > f. Therefore, we have 


n ... fy\ x 1 i (j=-:») 2 ci 1 i ( x ~y) 2 

x> <c(A) ( — I -— e M 4t e ' u 

X xJ (21)3 ' 

tw{y\ x f t \ X f x 2 \ X -J-AL 1 - ^~ y)2 

<c(A) ( — ) I —r- I — e m wt --e 4C Jn f 

Vx/ V x 2 / \ t / ' 


(2^) ■ 




where in the last inequality we use that xy > 2t. Now, If y < 1 and 2y > x, 
we clearly have that 


B<c(A)(AT) U', a (x-!,). 


Hence, collecting the above inequalities, we get that 

1 „.2A 

y 2A lT A (x,y) < c(A, M) ^ A 1)2A W^ t (x - y) 1)A 
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M—1' 


Finally, note that if y > M(x V 1) > 1, then y — x > y(-~M 
from 13.111 and 13.121 we obtain that 


y 2X W t x (x,y) <c(A)(® A 1) A Wf{x-y) 


-A 


,2A 


(y + 1 ) 


A 


1 _ (M-l) 2 y 2 

<c(A)(xAl) _ -re 4tM ‘ 2 


(2t)l 


(y + l Y 


<c(A)(xAl) a (2 t) 2 e 4tAfe 

<c(A, M)(x A l)~ X (j) X Mt (y), 
which finishes the proof. 


N _i_L_ / M—i \3y 2 y 2X 

A 2 2 P 4tM <= V M 1 4t -— 


Hence, 


(y + 1 ) ; 


□ 


Theorem 3.5. Let 1 < p < oo and R > 1. Fet v be a weight such that 

_ i / 

v p € L^ oc (M). T/ien f/iere exists a weight u such that the local maximal 
operator defined as 

(3-13) M l fi c f{x) = sup [ f(y)x\ v \<Rx(y)dy 

X(E:B r J 
B r (x) 

is bounded from L p (v ) to L p (u). Moreover, 

(i) If ||u pe~ A \ y \~ ||p/ < oo for all A > Ao, where Ao > 0 is fixed, then 
for every a < 1 we can find a weight u such that also 

(3.14) \\u~Ie~ Ay2 \\p' < oo 

for all A > AocrR 2 . In particular, if A$ = 0 or a < jp then \3.1f\ 
holds for all A > Ao. 

(ii) If we define ||u||_d p = ||u _ p(yV l)~ 2 || p ' < oo, then for every a < 1 
we can find a weight u such that also 

(3.15) ||u _ p (y V l)” 2 || p /< oo. 

Proof. The proof of item (i) is contained in Theorem 2.1 of [Jj. We only 
check (13.151) . In order to do this, we recall the estimates and the constants 
defined in that paper. By the factorization Theorem of Rubio de Francia (see 
[3( Thm. VI.4.2]), we can assure the existence of some weight Uk, supported 
in a interval Eu, such that ||[/r 1 || < 1. s < 1 and 

f | M%f(x)\ p U k (x)dx < C p k \\f\\ p LP{v) , 


E 0 = {\x\<l}, E k = {2 k ~ 1 <\x\<2 k }, k = 1,2,..., 


where 
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and C k = c.s.pl-E'fcl s 1 Vfc, with the constants V k given by 


V k = 


v p 


X{\y\<Rb k } 


V ^ |( 2 / V 1 )| 2 \(y V 1)\ Z X{\y\<R2 k } 


k\2 


<\\v\\DAR2 k ) 


In this way, to obtain the bound of it suffices to consider the weight u 
defined by 


(3.16) 


«(*) = 


i 


k =0 


(Ti k C k )P 


U k (x)xE k (x), 


for some 7 > 0 to be determined later 
Gfv 

(3.17) 


Given cr < 1, we first select s < 1 such that Ar = ■ Then, 

P P b 


I d p = [ u (y) * \y\ 2pl dy = {2 lk C k ) ap f u k (y) p 1 * \y\ 2p ' 

k =0 ^ Ek 

2 2k y pl 2 - 2kp ' = jr 2 - kp i 2 ( i - a ^- 1 -v L ) , 

k =0 


dy 




where in the last inequality we have used the facts that \\U k < 1 and 

(i - 1 )ap' = 1 -cr. 

Now, this series is convergent provided that 0 < 7 < (1 — cr) ^1 + . 

□ 

To end this section we give the proof of Theorem 11.31 item (i). 

Proof. Let us fix 1 < p < 00 and a > 0. Let v G Dp £at { Aa). This means that 

_i , . 

||u p(j)f ||p/ < 00 , where 4>t(y) is the integrability factor given in proposition 
13.11 namely 


(3.18) 


0t(y) = y > 


y +1 


e « ~ (j/Al) 2 A (|/Vl) A e 41 . 




We need to show that the local maximal operator Wa ’* defined in 12.111 
maps L p {y ) to L p (u ) boundedly, for some weight u. Moreover, if cr < 1 we 
need to find a weight u such that for all t > 0 , 

(3.19) |\ u~p $\\pi < 00 . 

For / G L p {y) and M > 1 to be chosen later, let us split as follows: 

/■A,* . 


W a ’*f(x)< sup / W t [x,y)f(y)x{ y <Mx}{y)dn(y) 

0 <t<aJ 

+ sup / W t X (x,y)f(y)X{y>Mx}(y)dp{y) 

0 <t<aJ 

=Af(x) + Bf(x). 
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For Af(x) let us recall Lemma 13.41 and write 

Af(x) <(cA, M)(x V 1) _2A 

f a y 2X 

o-pj w c M t( x - y ) ( y + f(y)x{ y <Mx}{y)d(y). 

By a standard argument of slicing into dyadic shells, it follows that 
Af{x) < c(A, M)(x V 1 )~ 2X M l $ (j^x /) (®), where M% c f is the local 
maximal function considered in 13.131 extended to |y| < M(|x| V 1). From 
Theorem 13.51 item (i), if we set do = < 1 in the case T < oo, / = ty +1 ^\ f 

( 2A \ — V 

(y+i)>- ) v i tl ien for all cr < do < 1 there exists a weight u such 

that 

ll-^M (/)IIlp(u) ^ c II/IIlp(U) = c II/IIlp(i;) 

and 


(3.20) 


(«)' 


-- p 2 

P g 4t 


< OO. 
p' 


provided that 



u € Dp eat (A\). 

Now choosing u\(x) 


y 
4 1 


< oo for all t < T . 
p' 


(x A l) 2Xp u(x), we have 


This is true because 


f $ 

= 

(u) p (x V 1) a2X (f>t 


p' 



< 

(u) _ ?x 2 ( 1 _f 7 )A x {a .< i } 


< 

CT a; 2 

(«) p e 4 t d+o X{x>i} 


(«)' 


px x e *X{x>i} 


p' 


which is finite in view of (|3.20ft . by choosing e small enought such that 
a(l + e) < T. This proves that uf £ Dp eat (A\). Clearly, when T = oo, 
by applying Theorem 13.51 item (i) with do = 0 we can choose any a < 1 to 
obtain the same conclusion. 

We now estimate Bf. From Lemma 13.41 we get 

Bf ( X ) - ( 1 a 1)1 0 <"g a / tc M t(y)X{y>Mx}(y)- 
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Choosing M > 1 such that to = < T when T < oo, and applying 

Holder’s inequality, we have 


J<l>to(y)f(y)dy = j4> x 0 {y) v p f(y)v p dy 


< 


i \p 


<t>t 0 {y) v p ) dy 


f p (y)v{y)dy 


~ h K 


v p 


, 11/llzxR)- 


LP(y ) • 


We note that if T = oo, then any M > 1 works. 

It follows that 

Bf ( X )< \\f\\LP(v) = < x 

Thus, setting a weight U 2 (x) < c / x ^ P (i +x y , we see that 

i|5/iIl^ 2 )<c||/iIl, w ; 

and recalling the behaviour of the integrating function <£>£ given in 13.181 we 
also see that 

2 


u. 


/.A 


2 'rt 


< 


V’ 


® A(2 CT) X{x<i} 


+ 


(1 + x) a x A e « 


< oo 


p' 


for all t < T. 

The Theorem follows by taking u(x) = min{rti(x), U 2 (x)}. 


□ 


4. Conditions on data / for almost everywhere convergence 
for the Bessel Poisson equation 

In this section we focus our attention on the initial value problem for the 
Poisson equation. Let us start with computing two estimates for the Poisson 
kernel which will be useful. 

Throughout this section, we will consider A > 0. Recall also that we 
consider the integrating factor given by 


(4.1) 


& x (y) = 


y 


2A 


y 2X , if y < l 
(y 2 + l) A+1 [ y~ 2 , if y > l. 


The first estimate is the same as shown in Proposition 4 of jl], where the 
proof is based on the expression 1 2.14 1 of the kernel and behaviour properties 
of the hypergeometric functions. 

Lemma 4.1. Given t > 0 and x > 0 there exists a constant c\ such that 
(4.2) 

° xt <P x (x,y)< Cxt 


[(x — y) 2 + t 2 ](x 2 + y 2 + t 2 ) x 


[(x — y) 2 + t 2 ] (x 2 + y 2 + t 2 ) x ’ 
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Proof. Recall that, from the explicit expression for the Bessel heat kernel 

EH 


P t X (x,y) = 


y/4fr 


OO 

/ 


_ii Trr A/ \du 
e 4nW u (x,y)— 

U 2 


t 

A^/tt 


OO 

( xy )~ x+ 5 J < 


(x 2 +y 2 +t 2 ) 


4u P 1 , 

A 2 V 2 'lt 


xy \ du 


5 ) 
1/2 


and if we perform the variable change given by z = we have that 

t 


(4.3) i?(®,j/) = 




(xy) a+ 2 j i 


■'M (?*)’**• 


Thus, if we change variables by —> z, 


(4.4) 


p t X (x,y) =c- 


a 


A+l 


e a z I x _ 1 (z)z 2 dz, 


where f3 = -1- and a = + . Now, if we split the integral in 0 < z < 1 


= a ' +y ; +t and a = f. 
and 1 < z and apply properties 12.81 and 12.91 of the modified Bessel functions, 
we get that 

1 OO 


p t^y) J 


_P_- \ , t 

e <* z A dz + c 


A+l 


a 


1 


(P-<x) 


e Z dz = I\ + h- 


o 1 

Since > 1, by changing variables according to v = @-z, we can write 


h=c 


t 


( \ 


++ 1 




J e~ v v x dv + J e~ v v x dv 


v° 


Since if 1 < v < £ then e~ v < e~ v v x < c\e~ 2 , it follows that f e~ v v x dv 

1 

c\. Thus, 

t t 

h ~ ca-ttxt = c\- 


+ A+1 (x 2 + y 2 + t 2 ) x+1 ' 


On the other hand, 


h =ct 


P-o 
e a 


= c 


/?+ t 

e “ ■ 


It is clear that 


a A (/3 — a) \oc J f3 x ((3 — a) 

_ c\t _ 

(x 2 + y 2 + t 2 ) A [(x — y) 2 + t 2 \' 


h + h < 
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Now let us see the estimate from below. 

A 


h+h = 


c\t 

P X 


1 1 

6 + 


C\t 

P x 



x 

e a + 1 


/3 — a 


a 

p 


Taking z = ^ > 1, we note that 

A = z x e~ z + 1 — z~ l i—» 1 when z —» oo . 

Thus, there exists N > 1 such that A > 1/2 for every z > N and clearly 
A > ( e~ N A ^). Hence the estimate holds. 

□ 


From this Lemma 14.11 the second estimate follows: 

Lemma 4.2. For A > 0, x, y, t > 0 and M > 1 the following estimate holds 
y 2X P t x ( X ,y) <c x , M ((x ^ l)~ 2X P t A (x - y)(y A l) 2X x y <M(x\/i)(y) + tMvj) , 


where P t A (x) = is the classical Poisson kernel. 

Proof. From Lemma 14.11 we have that 


,2 A 


y Pt ( x ,y)x y <M(xvi)(y)<c\P t (. x - y) + y 2 + t2 ) X x y <M(xvi)(y) 

<c x {x A 1 )~ 2X P t A (x - y)x y <M(xVi) (y A 1) 2A . 
Now, again from Lemma 14.11 we have that 


c X ty 


2A 


y Pt i x ,y)Xy>M(xVl)(y) — [( x _y)2_^£2](', c 2_|_y2_|_£2)A^ >M ( a:V1 )(^)‘ 
Since y > M(x A 1), hence y > 1, it follows that ^ x _y ^ +t 2 < and also 


Thus 

, ,2A rjA ( 


i 


y P t ( x ,y)x y >M(xvi)(,y) <c\m-^ < c x , M (t>\(y)- 


Thus we get the desired estimate. □ 

Next we follow the same steps as those for the heat problem: in order 
to prove Theorem 11.11 in the Poisson context, we need three propositions. 
First, we need to characterize the Bessel Poisson integral by an integrability 
factor. 

Proposition 4.3. The following statements are equivalent 

OO 

(i) f P t x (x,y)\f(y)\dy x (y) < oo, for all t > 0 and x > 0. 
o 

OO 

(ii) f P x (xt,y)\f(y)\dy x (y) < oo, for all t > 0 and some xt > 0. 
o 
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(iii) f 4> x (y)\f(y)\dy < oo, where 
o 


(4.5) 


f> x {y) = 


,2A 


(y 2 + 1 ) A+1 ' 


Proof. Observe that (i) trivially implies (ii). 

Let us prove that (ii) implies (iii). Fix t > 0. We have from estimate 
that for some x = xt > 0 , 


p t X ( x t,y)\f{y)\d^x{y) ~ c A 


ty 


2A 


[(x — y ) 2 + t 2 ](x 2 + y 2 + t 2 ) x 


dy < oo. 


o o 

If x 2 + t 2 < 1, then y 2 + 1 > x 2 + y 2 + t 2 . If x 2 + t 2 > 1, then y 2 + 1 > 
(jq^r) y 2 + 1 = y ^-( 3;2 + y 2 +1 2 )- A 1 so, x 2 + y 2 + 1 2 > (x - y ) 2 + 1 2 , thus 


(x 2 + t 2 ) V 1 1 


< 


y 2 + 1 x 2 + y 2 + f 2 (x — y ) 2 + t 2 


Hence, 


,2A 


oo > / Pi (x t ,y)\f(y)\dn x {y) > c A ((x ) V l)t 


(y 2 + 1) A+1 


f{y)dy 


OO 

C\,x,t / 0 x {y)f(y)dy. 


We will now show that (iii) implies (i). Take t > 0 and x > 0. We use 
estimate 14.21 again. 


J p ‘ 

o 

= c A 


oo 

(x,y)f(y)dfix(y) ~ c A J 


ty 


2A 


[(x — y ) 2 + f 2 ](x 2 + y 2 + f 2 ) A 


dy 


ty 


2A 


t/<M(xVl) 

+« I 

y>M(x\/l) 

+cx / 
y>M(xV 1) 

= h + h, 


[(x — y ) 2 + t 2 ](x 2 + y 2 + t 2 ) A 


dy 


ty 


2A 


[(x — y ) 2 + t 2 ](x 2 + y 2 + t 2 ) A 


ty 


2A 


[(x — y ) 2 + t 2 ](x 2 + y 2 + t 2 ) x 


dy 


dy 


for any M > 1. 
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Let us consider first I 2 . We have that y > Mx, and it is easy to see that 
M1 -y < \y — x\. Thus, 


M 


M - 1 
M 


y +t 2 <(x- yf + r. 

, 2 


If (tt ) 2 ^ t 2 then y 2 + 1 < (j£=i) [{x-y ) 2 + t 2 }, and if > t 2 

then y 2 + 1 < £[(x - y) 2 + t 2 ]. Hence y 2 + 1 < (M _l,- 2 A {x - y) 2 + t 2 }. 

Again, since x 2 + y 2 + t 2 > (x — y) 2 + t 2 1 we have that 

1 1 


( x 2 + y 2 + t 2 ) x [(x — y) 2 + t 2 ] (y 2 + 1) A+1 

2A 

As for / 1 , it is finite because the function y —> is 

continuous on the compact region y < M(x V 1). 

Thus the proof ends. □ 

Next we will see that under the conditions of the proposition above, the 
solution is smooth. 

Proposition 4.4. If f satisfies the conditions in Proposition ^ .3[ then 

OO 

(4.6) u(t,x) = J P t x (x,y)f(y)dy. x (y) € C°°(R + x R+). 

0 

Proof. We need to show that for all a, f3 > 0, 

OO 

J d?dP.Pf(x,y) f{y)dp(y) < 00 . 

0 

Since the kernel P x satisfies the Poisson equation for the Bessel operator, 
we only need to show that 


(4.7) 


\d t P t x {x,y)\f(y)dy(y) < 00 . 


To differentiate under the integral sign, from expression 14.31 we compute 


d t P t X (x,y) 


4^/7? 


OO 

{xy)~ x+1 2 J ■ 


'A-i 


fxy 

2(2 


z) z^du 


+ 


t(xy) 


-\+i 


4 xpK 


- 2 1 


xy. 

f v 2 


2:) 2:2^2 


= A t( x ,y) + B x (x,y). 
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We have that A x (x,y) = jP x (x,y) and 
t 


t J 

OO 


Bt(x,y) < c 


4-v/tF 


{■xy )~ X+ * J 


e s z e 


''h-\ (y Z ) Z ^ dz = cP p^ x ^' 


Since / satisfies condition (i) of Proposition 14.3114.71 follows. 


□ 


The last piece of the puzzle is the following proposition. 

Proposition 4.5. If f satisfies the conditions in Proposition ^ -3[ then 
(4.8) lirn^ e -tv ^/(x) = f(x), a.e. x > 0. 

Proof. As usual, we prove the limit for x < no, for all fixed no € NN. Indeed, 
let us split 

/ = fX\y\<M + fX\y\>M = fl + h, 
where M > 0 will be chosen. 

On one hand, if we consider M > 2no, we have that from Lemma 14.21 
since 2?ro > 2rc, 

e pt^f 2 {x)= j P t x (x,y)f(y)dfi(y) 

\y\>M 

<c(c 0 ,X)t J <f> x (y)x v > 2 x{y)f(y)dy , 

\y\>M 

hence, from Proposition 14.31 for e > 0 there exists Mq = Mo(e,no) and 
to > 0 such that if M > Mo, t < to and 0 < x < no, then e - fv W7 f 2 (x) < e . 
On the other hand, again we have that defines a symmetric diffusion 

semigroup as in [9] and fi € Lj oc (Mf~, dy), therefore 

lime -iv/S Vi(.T) = fi(x) 
t-> o 

for almost every |x| < no- Thus the proposition follows. 

□ 


Finally we give the proof for Theorem 11.31 item (ii). 

Proof. Let us fix 1 < p < oo, A > 0 and a > 0. Let v € Dp° lsson (A\). This 

_I . 

means that ||n p 4> A \\p' < oo. 

We need to show that the local maximal operator P X ’* defined in 12.161 
maps L p (v) to L p (u ) boundedly, for some weight u. Moreover, if cr < 1 we 
need to find a weight u such that, ||u p <j ) A || p / < oo. 
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For / E L p {i>) and M > 1 to be chosen later, let us use Lemma 14.21 to 
obtain the split 

y 2X Pa '*/(*) < C \,m( x a 1) -2A su P [ P t A (x-y)(yA l) 2X f{y)dy 

0 <t<a J 

y<M(xVl) 

+ ca,m« J 4> x (y)f{y)dy = Af(x) + Bf(x). 

y>M(x\/ 1) 


Let us consider first Af(x). Using one more time the standard argument 
of slicing the integral into dyadic shells we get that 

Af (x) <cx, M (x A 1 )~ 2X M 1 m{I), 


where f = (y A l) 2A /(y) and is, as before, the local maximal function 
considered in 13.131 extended to \y\ < M(|x| V 1), namely 


1 


Mm f( x ) = sup 

r>0 | -O'. 


f (y)xij/i<M(a:vi) (y)dy. 


B r (x) 


Then, by using item (ii) of Theorem 13.51 we get that there exists a weight 
U2 such that 

\\M% c (f)\\ LP{ u 2 ) < c\\f\\w = C\\f\\ LP{v) 

and 


(4.9) 

provided that 

(4.10) 


_ a_ 

u 2 p {xW 1)~ 2 


< oo 
v' 


for a < 1, 




< oo, 
p' 


where v = (y A 1) 2Ap . Since v E Dp° lsson (A\), (14.1011 follows. This implies 
that Theorem 13.51 holds. Now taking U 2 (x) = U 2 (x A l) 2Ap , it follows that 


II^(/)IIlp(« 2 ) < c||/||lp(«) 


and 


\u 2 P 0 A || p' < 


u< 


p (x A 1) 2A ( 1_<t ) (x V 1) 


-2 


< OO. 


For Bf(x ) let us apply Holder inequality to obtain 


Bf(x) <c X) Ma 


\ _— — 

i i> v pypf(y)dy 


y>M(xV 1) 


— - A 

<C\,M a Wf\\Lr(v)W v P( t> I 


Then 


II^(/)IIlp (mi )< c II/IMu 
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if we choose 


m(x) = 


1 


(1 + X ) 2 

The Theorem follows by considering a weight 

u(x) = min{tti(x), U 2 (x)}. 


□ 
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